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Exponentials in Models of Linear Logic

Resource aware logic widely used to study semantics of computation.

@ multiplicatives, additive connectors: ®, %, &, @
@ exponential structure: !,? = in a model: several non isomorphic ! can coexist.
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Exponentials in Models of Linear Logic

Resource aware logic widely used to study semantics of computation.
@ multiplicatives, additive connectors: ®, %, &, @
@ exponential structure: !,? = in a model: several non isomorphic ! can coexist.

Example (Coh : category of coherence spaces.)

Symmetric, reflexive graphs: (|.X|, <).
Cliques: subset of | X|, all pairs of elements are related by <.
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@ exponential structure: !,? = in a model: several non isomorphic ! can coexist.

Example (Coh : category of coherence spaces.)

Symmetric, reflexive graphs: (|.X|, <).
Cliques: subset of | X|, all pairs of elements are related by <.

@ !s: finite clique functor: ['sX| ={a C |X| | afinite, Vx,y € a, x < y}.
= Finite model of A-calculus.
@ !n: finite multi-clique functor. ImX| ={a C M (|X]) | VXx,y € |a|, x < y}.
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Cliques: subset of | X|, all pairs of elements are related by <.

@ !s: finite clique functor: ['sX| ={a C |X| | afinite, Vx,y € a, x < y}.
= Finite model of A-calculus.
@ !n: finite multi-clique functor. ImX| ={a C M (|X]) | VXx,y € |a|, x < y}.

Alternative definition: by duality. (|X|,<) as (|X|, CI(X))

al bifcard(anb) < 1.
CI(X) family of subset of | X| corresponds to cliques of a graph iff CI(X)** = CI(X).
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Resource aware logic widely used to study semantics of computation.
@ multiplicatives, additive connectors: ®, %, &, @
@ exponential structure: !,? = in a model: several non isomorphic ! can coexist.

Example (Coh : category of coherence spaces.)

Symmetric, reflexive graphs: (|.X|, <).
Cliques: subset of | X|, all pairs of elements are related by <.

@ !s: finite clique functor: ['sX| ={a C |X| | afinite, Vx,y € a, x < y}.
= Finite model of A-calculus.
@ !n: finite multi-clique functor. ImX| ={a C M (|X]) | VXx,y € |a|, x < y}.

Alternative definition: by duality. (|X|,<) as (|X|, CI(X))

al bifcard(anb) < 1.
CI(X) family of subset of | X| corresponds to cliques of a graph iff CI(X)~+ = CI(X).

Example (Rel: category of sets and relations.)
@ Exponential multiset: |A = Mjin(A).
@ Exponentials with infinite multiplicities [CarraroEhrhardSalibra’10]
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Lafont’s model: Free Commutative Comonoids

Category of commutative comonoids

. . We Cc
comonoid: itis the givenof: 1+——C—C®C

morphism of comonoids: respects the comonoid structure.
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Lafont’s model: Free Commutative Comonoids

Category of commutative comonoids

We Cc
comonoid: itis the givenof: 1+——C—C®C

morphism of comonoids: respects the comonoid structure.

I modality vs comonoid
@ Any ! modality = a commutative comonoid VA.

@ A commutative comonoid - ! modality: it lacks the comonad structure (dereliction,

digging, action on morphisms).

v
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Lafont’s model: Free Commutative Comonoids

Category of commutative comonoids

We Cc
comonoid: itis the givenof: 1+——C—C®C

morphism of comonoids: respects the comonoid structure.

I modality vs comonoid
@ Any ! modality = a commutative comonoid VA.

@ A commutative comonoid - ! modality: it lacks the comonad structure (dereliction,
digging, action on morphisms).

v

IA: Initial object of the category of comonoids generated by A

1tA: commutative comonoid with a
morphism
dera Z!fA — A.

v
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Lafont’s model: Free Commutative Comonoids

Category of commutative comonoids

We Cc
comonoid: itis the givenof: 1+——C—C®C

morphism of comonoids: respects the comonoid structure.

I' modality vs comonoid
@ Any ! modality = a commutative comonoid VA.

@ A commutative comonoid - ! modality: it lacks the comonad structure (dereliction,
digging, action on morphisms).

IA: Initial object of the category of comonoids generated by A

Universal Property
ItA: commutative comonoid with a  for every (C, we, c¢)

. dera
morphism and f: C — A, there IIA—— A
dera :[{/A — A. exists a unique f £ f

morphism of
comonoid with:

y
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,
@ for every object A, the free commutative comonoid generated by A exists.
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,
@ for every object A, the free commutative comonoid generated by A exists.

Genericity of ;: Decomposing !A using !/A.

d
IFA —>erfA A
Jider” /er
C=IA
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,

@ for every object A, the free commutative comonoid generated by A exists.

Genericity of ;: Decomposing !A using !/A.

d w,
LA AL A LA
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,
@ for every object A, the free commutative comonoid generated by A exists.

Genericity of ;: Decomposing !A using !/A.

der Ws der”
IfA—fA>A 'fA_) 1 |fAi) IfA®'fA {
Jider! der derﬂ /V derﬂ TderT @der’ ADA® ...
n;
C—IA 1A IA—S5 1A01A e

v
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,
@ for every object A, the free commutative comonoid generated by A exists.

Genericity of ;: Decomposing !A using !/A.

der der®”
LA—25 A 1A 4 LA -5 1 AslLA f
Stdert /er derT ﬁ’ der' | [der’ @ der' AGA®...
n;
C—IA IA—S 1Az1A - der
Example

@ Coh: free commutative comonoid: multiclique functor ! .

@ Rel: free commutative comonoid: multiset functor.
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Lafont’s Model

Theorem (Lafont)
A x-autonomous category C is a model of linear logic if:
@ it has finite products and,
@ for every object A, the free commutative comonoid generated by A exists.

Genericity of ;: Decomposing !A using !/A.

dersy cr der”
LA—55 A fA4’1 1A — LA A
Stdert /er derT /” der' | [der’ @ dert A®A® ..
Qn;
C—IA IA—5 1Az1A oo 9
Example

@ Coh: free commutative comonoid: multiclique functor ! .
@ Rel: free commutative comonoid: multiset functor.

Our Goal
Does the model of probabilistic coherence spaces (next slides) has a free exponential ?
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Probabilistic Coherence Spaces (PCoh)  (Danos, Ehrhard 2011)

Probabilistic coherence spaces (PCS)
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ),
e scalar product: u, v € (R*)“:
(u,v)€ (R") U {oo}.
@ Definition by duality:

for u, v e (RT)A! u L viff (u,v)< 1.
PCS: A= A+L.
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Probabilistic Coherence Spaces (PCoh)  (Danos, Ehrhard 2011)

Probabilistic coherence spaces (PCS) Morphisms of PCS
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ), e matrices ¢ € R*I**I7!
e scalar product: u, v € (R*)": Elﬂfif%nﬁtg'?ﬁs

(u,v)e (RT) U {co}.
@ Definition by duality: @ correctness property:
for u,v € (R*)AL u L viff (u, v)< 1. Vx € P(A),#(x) € P(B)

PCS: A=A+t >
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Probabilistic Coherence Spaces (PCoh)

Probabilistic coherence spaces (PCS)
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ),
e scalar product: u, v € (R*)“:
(u,v)€ (R") U {oo}.
@ Definition by duality:

for u, v e (RT)A! u L viff (u,v)< 1.
PCS: A= A+L.

Example (Base Types)

Unit object: 1

1] = {x}
P(1) = [0, 1]

(Danos, Ehrhard 2011)

Morphisms of PCS

@ matrices ¢ € R*A/*I5I
= linear functions
R+|A‘ - R+|B‘ .

@ correctness property:

Vx € P(A), ¢(x) € P(B)
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Probabilistic coherence spaces (PCS) Morphisms of PCS
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ), e matrices ¢ € R*I**I7!
e scalar product: u, v € (R*)": Elﬂfif%%tg'?ﬁs

(u,vye (RT) U {oo}.

@ Definition by duality:
for u,v e (RT)AL u L viff (u, v)< 1.

PCS: A = AL

@ correctness property:
Vx € P(A),¢(x) € P(B)

Example (Base Types)

Unit object: 1 Booleans: Bool =1 & 1
1] = {x} LIS e
P(1)=[0,1] P(Bool) = {(p,q): p+qg <1} ={(1,0),(0,1)}
’ = sub-probability distributions on booleans.
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Probabilistic coherence spaces (PCS) Morphisms of PCS
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ), e matrices ¢ € R*I**I7!
e scalar product: u, v € (R*)": Elﬂfifggrﬁtg'?ﬁs

(u,vye (RT) U {oo}.

@ Definition by duality:
for u,v e (RT)AL u L viff (u, v)< 1.

PCS: A = AL

@ correctness property:
Vx € P(A),¢(x) € P(B)

Example (Base Types)

Unit object: 1 Booleans: Bool =1 & 1
1] = {x} LIS e
P(1)=[0,1] P(Bool) = {(p,q): p+qg <1} ={(1,0),(0,1)}
’ = sub-probability distributions on booleans.

Example (Bool — Bool)

|Bool — Bool| = |Bool| x |Bool|.
P (Bool — Bool) = {u | Ue,c +Uce < TAUse +Use <1}
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Probabilistic Coherence Spaces (PCoh)  (Danos, Ehrhard 2011)

Probabilistic coherence spaces (PCS) Morphisms of PCS
o pre-PCS: (|A|, P (A)), with P (A) C (R*)" ), e matrices ¢ € R*I**I7!
e scalar product: u, v € (R*)": Elﬂfif;grﬁtg'?ﬁs

(u,v)e (R") U {oo}.

@ Definition by duality:
for u,v e (RT)AL u L viff (u, v)< 1.

PCS: A = AL

@ correctness property:
Vx € P(A),¢(x) € P(B)

Example (Base Types)

Unit object: 1 Booleans: Bool =1 & 1
1] = {x} LIS e
P(1)=[0,1] P(Bool) = {(p,q): p+qg <1} ={(1,0),(0,1)}
’ = sub-probability distributions on booleans.

Example (Bool — Bool)

|Bool — Bool| = |Bool| x |Bool|.
P (Bool — Bool) = {u | Ue,c +Uce < TAUse +Use <1}
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The Analytic Exponential Modality in PCoh.

Exponential comonad in Danos&Ehrhard 2011
@ web: |!2A] = M; (| A])

o cliques: P(12A) = {x' | x e P(A)}** (with X,
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The Analytic Exponential Modality in PCoh.
Exponential comonad in Danos&Ehrhard 2011
@ web: |!2A] = M; (| A])
o cliques: P(12A) = {x' | x e P(A)}** (with Xz, o = [T, Xa)

@ comonad structure:

functor on co-unit der co-multiplication digg
¢ € PCoh(A, B) PCoh(!2A4, A) PCoh(!2A, 12!2.A)
n
(Ya®)u,iby ..o = Z anai’bi (der)yu,a = 0y (a (digg)p,m =6, 5om
(ay,..-,an),s.t. i=1
[a1,...,an]=p
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Exponential comonad in Danos&Ehrhard 2011
@ web: |!2A] = M; (| A])

o cliques: P(12A) = {x' | x e P(A)}** (with Xz, o = [T, Xa)

@ comonad structure:
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n
(Ya®)u,iby ..o = Z anai’bi (der)yu,a = 0y (a (digg)p,m =6, 5om
(ay,..-,an),s.t. i=1
[a1,...,an]=p

v

I, der, digg) gives a structure of Seely category to PCoh, hence a model of linear logic.
J
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The Analytic Exponential Modality in PCoh.
Exponential comonad in Danos&Ehrhard 2011
@ web: |!2A] = M; (| A])
o cliques: P(12A) = {x' | x e P(A)}** (with Xz, o = [T, Xa)

@ comonad structure:

functor on co-unit der co-multiplication digg
¢ € PCoh(A, B) PCoh(!2A4, A) PCoh(!24, 12!aA)
n
("a®)u oy, b= D Pay by (der)u,a = 6,.,(a (digg)p,m =6, 5om
(@, an),s.t. i=1
[ay,-.., an]=p

(4, der, digg) gives a structure of Seely category to PCoh, hence a model of linear Iogic.J

Theorem
@ PCoh,,: full abstraction for CBN probabilistic PCF. [EPT POPL2014].
@ PCoh'?: full abstraction for a probabilistic version of Levy’s CBPV [ET’2016].
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The Kleisli category PCoh,..

PCoh, (A, B) = PCoh(!,A, B): analytical functions from P (A) to P (B).

Example ( !;Bool ® !;Bool —o 1:)

M=letrecfxy=
if x = y then stop
else fxy.
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The Kleisli category PCoh,..

PCoh, (A, B) =
Example ( !zBool ® !;Bool —o 1:)

PCoh(!,.A, B): analytical functions from P (A) to P (B).

For x, y € P (Bool):

! !
M=letrec fxy = Ml(x,y)=[M] -x -y
if x = y then stop Z Z H
- Xal ybl
else fxy. NEN (by,....bn).(a1.. ..,
\bﬁ‘a/Abn—an
y
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The Kleisli category PCoh,..

PCoh, (A, B) = PCoh(!,A, B): analytical functions from P (A) to P (B).
Example ( !zBool ® !;Bool —o 1:)

For x, y € P (Bool):

M=letrecfxy = IM](x,y) = [M]-x"-y'
if x = y then stop

else fxy. B Z Z H e

\b/ ;éa, /\bn—an

Example (Not Definable Element in P (!;Bool — 1).)
ue (]R+)|!aBool—o1| ]

hr = {4 if u = [t, £]

0 otherwise.
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The Kleisli category PCoh,..

PCoh,, (A, B) = PCoh(!,A, B): analytical functions from P (A) to P (B).
Example ( !zBool ® !;Bool —o 1:)
For x, y € P (Bool):
M=letrec fxy = [MI(x,y) = [M] - x"- y'
if x = y then stop

else fxy. - Z Z H Xai Y

\b/ ;éa, /\bn—an

Example (Not Definable Element in P (!;Bool — 1).)
ue (R+)|!2Bool—o1| ]

Fact:
_ {4”u= e, £] ve ®H!'I
L,k — .
DalisriEs. v € PCoh,,(X, Y) & Vx € P(X), vx' € P(Y).
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The Kleisli category PCoh,..

PCoh,, (A, B) = PCoh(!,A, B): analytical functions from P (A) to P (B).
Example ( !zBool ® !;Bool —o 1:)
For x, y € P (Bool):
M=letrec fxy = [MI(x,y) = [M] - x"- y'
if x = y then stop

else fxy. B Z Z H e

\b/ ;éa, /\bn—an

Example (Not Definable Element in P (!;Bool — 1).)

1aBool—o1
u e (RH)!"aBo1 Fact:

ve (R+)|'aX|><\Y|

ForxeP(Bool) € PCoh,, (X, Y) & Vx eP(X), vx € P(Y).

(ux'), = 4x. xs
< 1since x; + x: <1
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PCoh, (A, B) = PCoh(!,A, B): analytical functions from P (A) to P (B).
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For x, y € P (Bool):
M=letrec fxy = [MI(x,y) = [M] - x"- y'
if x = y then stop

else fxy. - Z Z H Xa b

\b/ ;éa, /\bn—an

Example (Not Definable Element in P (!;Bool — 1).)

u €P(!;Bool — 1) : Fact: |

4if =t f] VG(R+)||3XI><\YI
** =) 0 otherwise
' v € PCoh,(X,Y) & Vx e P(X), vx' € P(Y).
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The Kleisli category PCoh,..

Our question:

Is |5 the free commutative comonoid ?
M =
bj
S—
Example
u €P(!
Uy, A
Y).
—
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The Kleisli category PCoh,..

Our question:

Is |5 the free commutative comonoid ?
M =
e First guess: by
Analytic Exponential = Free Exponential |

Examplg We were not able to show directly the universal
uepb( property.

Uy, A

Y).

—] —/
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Our question:

Is |5 the free commutative comonoid ?
M =
e First guess: by
Analytic Exponential = Free Exponential |
Examplg We were not able to show directly the universal
uepb( property.
e Hypothesis:
u > . . .
! Analytic Exponential # Free Exponential Y).
— —
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The Kleisli category PCoh,..

Our question:

Is |5 the free commutative comonoid ?
M =
e First guess: by
Analytic Exponential = Free Exponential |
Exampls We were not able to show directly the universal
u P! property.
e Hypothesis:
. Analytic Exponential # Free Exponential Y).
. = We try to construct it. —
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Melliés, Tabareau, Tasson’s recipe (1)

Equalizer of n-symmetries

(A=", eq) such that: A<n 2 (A&1)®" T (A&1)®"
VC,f: C — (A&1)®" invariant by at? e
symmetries ot '
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Melliés, Tabareau, Tasson’s recipe (1)

Equalizer of n-symmetries

(A=", eq) such that:

AST D (AR1)ET T (A&1)®"
VC,f: C — (A&1)®" invariant by — / sy,
symmetries ' c”

In PCoh: Equalizer A=" of a probabilistic coherence space A.
|AS"| = M<a(lAl)

P(AS™) = {(uy,...,un) | Vi,ui € P(A)}* O (a,--mran) =
(A=") = {(un >1| - (A)} 1if 2 | & 4]
(Ut .oy Un)jay,..a] = 73, > T Wei)a 0 otherwise.
oc€Sy i=1
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Melliés, Tabareau, Tasson’s recipe (1)

Equalizer of n-symmetries
AS? 5 (A&RT)ET T (A&1)E"

(A=", eq) such that:
VC,f: C — (A&1)®" invariant by ant? A rp—
symmetries o

In PCoh: Equalizer A=" of a probabilistic coherence space A.

[AS"] = M<n(]Al)

P(AS") = {{th,...,Un) | Vi,u; € P(A)}
(A=7) = {(uy >1I -P(A)} 1if = [a | & # 4]
<U1 Sy Un>[a1 ..... a] — #78 Z H(UJ(i))ai U
W oc€Sy i=1
Example (Bool=?2)

° ‘B001S2| = MSZ ({ta f}) = {[]7 [t]7 [f]7 [tvt]v [t7 f]v [fv f]}
Tifp=1]

1ifp=[t"] k<=2 .
@ (e,e), = i €,8r)y = fu=I[t,tl,u=1I[f, £
168 {Oothermse. e (1)/I2lj)the[rwis]eu o

8/12
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Melliés, Tabareau, Tasson’s recipe (1)

Equalizer of n-symmetries

(A=", eq) such that: A5 S (ARA)ET T (A&1)ET
VC,f: C — (A&1)®" invariant by ;

~ E——
. aift / n! symm.
symmetries c”

|Agln: Msn(lA]) . (e.,e:) ¢ P(!aBool)

P (A=) = {(ur, ..., tn) | Vi,u; EkP( since u € P (!zBool —o 1):
1
<U1a---7un>[a1 ..... ak]:EZH(U u . 4if,u=[t,f]
o€S =t 7] 0 otherwise. [

Example (Bool=?)

° ‘B001S2| =Mz ({t7 f}) = {[]7 [t]7 [f]7 [t7 t]7 [t7 f]v [f7 f]}

. Tifu =]
Jitp=[" k<=2 ol B
o (e, e), = {0 otherwise. (ec,es)y = ¢ 0if u=[t,t],u=[£, f]

1/2 otherwise.

v
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Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.
@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

1 Po A< P1 e p2 e P3 ASh
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Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.
@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

1 Po A<t P1 e p2 A<8 P3 LA

with p, uniquely defined by:

A (AL (A&1)®

—
/ n! symm.
d®

_ ®(n+1)
C =AM —— (A&1)®"F
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Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.
@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

1 Po A<t P1 e p2 A<8 P3 LA

with p, uniquely defined by:

cq

A (AL (A&1)®

~ e
3lpn / n! symm.
d®

_ ®(n+1)
C =AM —— (A&1)®"F

Crubillé, Ehrhard, Pagani, Tasson PCoh: free ! GDRI Linear Logic 9/12



Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.
@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

1 Po A< P1 e p2 e P3 ASh

Crubillé, Ehrhard, Pagani, Tasson PCoh: free ! GDRI Linear Logic 9/12



Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.
@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

1 Po A< P1 e p2 e P3 ASh

70 3 . 4\ .
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Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.

@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).
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Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.

@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

Then B is the free commutative comonoid !t A of A.
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Mellies, Tabareau, Tasson'’s receipt (2)

Theorem (Mellies, Tabareau, Tasson)
In a cartesian symmetric monoidal category, where:
@ every AS" exist and commute with ®.

@ the diagram below has a limit B that commute with the tensor product.
(pi : inclusion morphisms).

Then B is the free commutative comonoid !t A of A.

In PCoh.

@ The A=" exist and they commute with ®.
@ Does the diagram admit a limit ?

V.
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Applying the recipy to PCoh

Constructing the limit B in PCoh

1 Po e P1 42 P2 = P3 I
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Applying the recipy to PCoh

Constructing the limit B in PCoh

P1 p2 P3

Proof summary:

@ iyN E PCoh(AS",ASN),
VN > n.
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Proof summary:

@ iyN E PCoh(AS",ASN),
VN > n.
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Applying the recipy to PCoh

Constructing the limit B in PCoh

Proof summary:

® oy € PCOh(AS", ASN),

VN > n.
M (A X Mi(|Al)
® lnoo ERY =" as:
(Ln,oo),u,u = ||mN—>oo tn,N
v
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Applying the recipy to PCoh

Constructing the limit B in PCoh

Proof summary:

® oy € PCOh(AS", ASN),

VN > n. Definition
_ 4 n 11
0 tnoo € RIMSHIADMUAD oo, B = {tnoc({Us,...,Un)) | NEN, Vi,uj € A} .
(tmoo )y = liMA—s o0 1m0 |
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Applying the recipy to PCoh

Constructing the limit B in PCoh

Can we take :

(i) i(—1) _Jtitp=vand#u <n
PNy = WPnNIEY = g otherwise

n,oco aS

+
(im0 e = ML 0 L J
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Applying the recipy to PCoh

Constructing the limit B in PCoh

10,00

Can we take :

i = <
i _ {1 ifu=vand #u<n ¢ PCoh(A=", A<M

?
(en.)ise = ()i = 0 otherwise

n,oco aS

+
(im0 e = ML 0 L J
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Applying the recipy to PCoh

Constructing the limit B in PCoh

Definition of the vy N

Can we take :
¢ 1y {1if,u—1/and#,u§n

¢ PCoh(A=", A=N)

(tn W) = (Pn N 0 otherwise

| . | 10/12




Applying the recipy to PCoh

Constructing the limit B in PCoh

Definition of the vy N

Can we take :
¢ 1y {1if,u—1/and#,u§n

(L" N)M v = (,0,-, N/ p ¢ PCOh(AénﬂASN)

0 otherwise

(e.,e:) €P B001<2) I

(

- but p; 3((ec, e:)) ¢ P (Bo 3p23 (e.,er)) €P (Boolf3)
(Bool
(Boot

924( e, er)) ¢P

P25( €, €¢ )¢P

)
Boo ) p2 I((ec,ec)) € P (Boolﬁ“)
ok

5p2 i((e,e:)) eP (Boolgs)

| | 10/12




Applying the recipy to PCoh

Constructing the limit B in PCoh

(N—K)![N/n|¥nt
(o) = Ni(n—k)!
N s 0

(p= ) = lifpu=vand #u<n
PNl =1 g otherwise

ifp=v,#u=~kK<n,
otherwise.

¢ PCoh(A=", A=N)

Crubillé, Ehrhard, Pagani, Tasson
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Applying the recipy to PCoh

Constructing the limit B in PCoh

10,00

g — 1if = and # S n
G {0 otﬁerwise g ¢ PCoh(A=", A=)
J.J..
¢
(N=UN/n)fnt e k<
(Yo = { Mg =0 U= KOS pogngen 4=h) J
— 0 otherwise.
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Applying the recipy to PCoh

Constructing the limit B in PCoh

(N—K)![N/n|¥nt
(o) = Ni(n—k)!
N s 0

(p= ) = lifpu=vand #u<n
PNl =1 g otherwise

¢ PCoh(A=", A=N)

ifp=v,#u=~kK<n,

i € PCoh(A=", A=N)
otherwise.

(tn,N)p,v has a limit for N — oo.

Crubillé, Ehrhard, Pagani, Tasson
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Applying the recipy to PCoh

Constructing the limit B in PCoh

10,00
10,3
0,2
£1 P2 03
=! == <3 <4. .
! A= HE: A= 11,3 A= A= B
U1,4
U,
Proof summary:
@ oy € PCON(AS", ASN), -
vn/’VN> n. ( ) Definition
B={tno({Us,...,u)) | nEN, Vi,u; € A}*-+.
® ino € Riflgn(\Al)fo(lAl) as: {tn,00 ({4 ) | ; }
(tn,00) o = IMNS oo tnn J
Proposition

@ B is the limit of the diagram above;
@ it commutes with the tensor product.
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Applying the recipy to PCoh

Constructing the limit B in PCoh

10,00
10,3
0,2
P1 p2 P3
<1 <2 <3 <4...
! A= Tz A= 1,3 : A= -
11,4
U, 00
Proof summary:
@ 1nn € PCOh(AS", ASN), o
\;’,’VN> n ( ) Definition
B = {tnoo({t1,...,U neN,Vi,u-eA“.J
0 tnoo € RIMSHIADMUAD oo, {en,00 ((th n)) | i € A}
(tnoe ) = M0 tnn )
Proposition
. o . . = We can apply
@ B is the limit of the diagram above; Mellids-Tabareau-Tasson
@ it commutes with the tensor product. Theorem
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The end of the story
Theorem: The “free” exponential modality
||f~A| :Mf(lADv P(!fA):{L"»OO(<u1a~'au">) | U,'GP(A),DEN}LL

: k
with L’77°°(<u1 e u">)[a1,4..,ak] = ,717 Zf:k‘—m Hi:1 (Uf(i))ai.
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The end of the story
Theorem: The “free” exponential modality
||f~A| :Mf(lADv P(!fA):{L"»OO(<u1a~'au">) | U,'GP(A),DEN}LL

q k
with L’77°°(<u1 e u">)[a1 ,,,,, a] — ,717 Zf:k‘—m Hi:1 (Uf(i))ai.

The “analytic” exponential modality Danos&Ehrhard2011

1 Ll . 1
laAl = Mi(JA),  P(aA)={u |ueP(A)} Wit o =]t
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The end of the story

Theorem: The “free” exponential modality
1Al = M (JA]), P (1rA) = {tnoo((th; -, Un)) | U € P(A),n € N}

; k
with L’77°°(<U1 PR u">)[a1 ..... EN| = ,117 Zf:k‘—m Hi:1 (uf(f))ai'

v

The “analytic” exponential modality Danos&Ehrhard2011

1 Ll . |
ladl = Mi(1A),  P(lad)={u' | ueP(A)} ,  with s, a9 =] ta-

Theorem
The “free” and “analytic” exponential modalities are the same, i.e. P (!r.A) = P (l2A).

Proof.
@ P(IrA) C P(laA), because in oo ({(Ut, ..., Un)) < (X1 Tup)'
@ P(1,4) C P(!1A), because u' = limp tnoo((U, . . ., U))
O

4
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Conclusion

Contribution:
@ Giving a categorical justification of !,.
@ Allows a decomposition of the universal property of !,.

@ Use of Mellies, Tabareau, Tasson recipy as a tool to show that an exponential is
free.
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Conclusion

Contribution:
@ Giving a categorical justification of !,.
@ Allows a decomposition of the universal property of !,.

@ Use of Mellies, Tabareau, Tasson recipy as a tool to show that an exponential is
free.

Further work: The definability problem
Definability: every element is upper bounded by a definable element.

Not true in PCoh: u € P (!,Bool — 1) defined by:

_{4ifu-[t,f]

* 7] 0 otherwise.

VM term of probabilistic PCF of type Bool — 1, [M]. ; <2.
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