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Exponentials in Models of Linear Logic

Resource aware logic widely used to study semantics of computation.
multiplicatives, additive connectors: ⊗,`, &,⊕
exponential structure: !, ? ⇒ in a model: several non isomorphic ! can coexist.

Example (Coh : category of coherence spaces.)
Symmetric, reflexive graphs: (|X |,¨).
Cliques: subset of |X |, all pairs of elements are related by ¨.

!s: finite clique functor: |!sX | = {a ⊆ |X | | a finite, ∀x , y ∈ a, x ¨ y}.
⇒ Finite model of λ-calculus.

!m: finite multi-clique functor. |!mX | = {a ⊆Mfin(|X |) | ∀x , y ∈ |a|, x ¨ y}.

Alternative definition: by duality. (|X |,¨) as (|X |,Cl(X ))

a ⊥ b if card(a ∩ b) ≤ 1.
Cl(X ) family of subset of |X | corresponds to cliques of a graph iff Cl(X )⊥⊥ = Cl(X ).

Example (Rel: category of sets and relations.)
Exponential multiset: !A =Mfin(A).

Exponentials with infinite multiplicities [CarraroEhrhardSalibra’10]
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Lafont’s model: Free Commutative Comonoids

Category of commutative comonoids

comonoid: it is the given of: 1 C C ⊗ C
wC cC

morphism of comonoids: respects the comonoid structure.

! modality vs comonoid
Any ! modality⇒ a commutative comonoid ∀A.

A commutative comonoid 6⇒ ! modality: it lacks the comonad structure (dereliction,
digging, action on morphisms).

!f A: Initial object of the category of comonoids generated by A

!f A: commutative comonoid with a
morphism
derA :!f A→ A.

Universal Property
for every (C,wC , cC)
and f : C → A, there
exists a unique f †

morphism of
comonoid with:

!f A A

C

derA

ff †
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Lafont’s Model

Theorem (Lafont)
A ?-autonomous category C is a model of linear logic if:

it has finite products and,

for every object A, the free commutative comonoid generated by A exists.

Genericity of !f : Decomposing !A using !f A.

!f A A

C =!A

derf A

der∃!der†
!f A

!A

1

der†

wf

w
!f A

!A

!f A⊗!f A

!A⊗!A
A⊗ A⊗ ...

. . .

. . .
der†

cf

c
der† ⊗ der†

der⊗n
f

der⊗n

Example
Coh: free commutative comonoid: multiclique functor !m.

Rel: free commutative comonoid: multiset functor.

Our Goal
Does the model of probabilistic coherence spaces (next slides) has a free exponential ?
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Probabilistic Coherence Spaces (PCoh) (Danos, Ehrhard 2011)

Probabilistic coherence spaces (PCS)

pre-PCS: (|A|, P (A)), with P (A) ⊆ (R+)
|A|.

scalar product: u, v ∈ (R+)
|A|:

〈u, v〉∈ (R+) ∪ {∞}.
Definition by duality:

I for u, v ∈ (R+)|A|, u ⊥ v iff 〈u, v〉≤ 1.
I PCS: A = A⊥⊥.

Morphisms of PCS

matrices φ ∈ R+|A|×|B|

= linear functions
R+|A| → R+|B| .

correctness property:
∀x ∈ P (A) , φ(x) ∈ P (B)

Example (Base Types)

Unit object: 1

|1| = {?}
P (1) = [0, 1]

Booleans: Bool = 1⊕ 1

|Bool| = {t,f}
P (Bool) = {(p, q) ; p + q ≤ 1} = {(1, 0), (0, 1)}⊥⊥

⇒ sub-probability distributions on booleans.

Example (Bool ( Bool)
|Bool ( Bool| = |Bool| × |Bool|.
P (Bool ( Bool) = {u | ut,t + ut,f ≤ 1∧ uf,t + uf,f ≤ 1} ⇒ Markov transitions.
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The Analytic Exponential Modality in PCoh.

Exponential comonad in Danos&Ehrhard 2011
web: |!aA| =Mf (|A|)

cliques: P (!aA) = {x ! | x ∈ P (A)}⊥⊥ (with x !
[a1,...,an ]

=
∏

i xai )

comonad structure:

functor on co-unit der co-multiplication digg
φ ∈ PCoh(A,B) PCoh(!aA,A) PCoh(!aA, !a!aA)

(!aφ)µ,[b1,...,bn ]=
∑

(a1,...,an),s.t.
[a1,...,an ]=µ

n∏
i=1

φai ,bi (der)µ,a = δµ,[a] (digg)µ,M = δµ,∑ M

(!a, der, digg) gives a structure of Seely category to PCoh, hence a model of linear logic.

Theorem
PCoh!a: full abstraction for CBN probabilistic PCF. [EPT POPL’2014].

PCoh!a: full abstraction for a probabilistic version of Levy’s CBPV [ET’2016].
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The Kleisli category PCoh!a .

PCoh!a(A,B) = PCoh(!aA,B): analytical functions from P (A) to P (B).
Example ( !aBool⊗ !aBool ( 1:)

M = let rec f x y =

if x = y then stop

else f x y .

For x , y ∈ P (Bool):

JMK(x , y) = JMK · x ! · y !

=
∑
n∈N

∑
(b1,...,bn),(a1,...,an)
|bi 6=ai∧bn=an

n∏
i=1

xai ybi

Example (Not Definable Element in P (!aBool ( 1).)

u

uµ,? =

{
4 if µ = [t,f]

0 otherwise.

Fact:

v ∈ (R+)
|!aX |×|Y | :

v ∈ PCoh!a(X ,Y )⇔ ∀x ∈ P (X ) , vx ! ∈ P (Y ) .
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For x ∈ P (Bool):

(ux !)? = 4xtxf
≤ 1 since xt + xf ≤ 1

Our question:

Is !a the free commutative comonoid ?

First guess:

Analytic Exponential = Free Exponential

We were not able to show directly the universal
property.
Hypothesis:

Analytic Exponential 6= Free Exponential

⇒We try to construct it.
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Melliés, Tabareau, Tasson’s recipe (1)

Equalizer of n-symmetries

(A≤n, eq) such that:
∀C, f : C → (A&1)⊗n invariant by
symmetries

A≤n (A&1)⊗n

C

eq
(A&1)⊗n.

.

.

n! symm.
f

∃!f†

In PCoh: Equalizer A≤n of a probabilistic coherence space A.

|A≤n| =M≤n(|A|)
P
(
A≤n) = {〈u1, . . . , un〉 | ∀i, ui ∈ P (A)}⊥⊥

〈u1, . . . , un〉[a1,...,ak ] =
1

#Sn

∑
σ∈Sn

k∏
i=1

(uσ(i))ai

eqµ,(a1,...,an) ={
1 if µ = [ai | ai 6= ?]

0 otherwise.

Example (Bool≤2)

|Bool≤2| =M≤2 ({t,f}) = {[], [t], [f], [t,t], [t,f], [f,f]}

〈et, et〉µ =

{
1 if µ = [tk ] k <= 2
0 otherwise.

〈et, ef〉µ =


1 if µ = []

0 if µ = [t,t], µ = [f,f]

1/2 otherwise.
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Remark:

〈et, ef〉 6∈ P (!aBool)
since u ∈ P (!aBool ( 1):

uµ,? =

{
4 if µ = [t,f]

0 otherwise.
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Melliès, Tabareau, Tasson’s receipt (2)

Theorem (Melliès,Tabareau,Tasson)
In a cartesian symmetric monoidal category, where:

every A≤n exist and commute with ⊗.

the diagram below has a limit B that commute with the tensor product.
(ρi : inclusion morphisms).

1 A≤1 A≤2 A≤3 A≤4 . . .ρ3ρ2ρ1ρ0

B =!fAB
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Applying the recipy to PCoh

Constructing the limit B in PCoh

1 A≤1 A≤2 A≤3 A≤4 . . .ρ3ρ2ρ1ρ0

ι1,2 ι1,3 ι1,4

ι0,1
ι0,2

ι0,3
ι0,4 ι0,∞

ι1,∞

B

Proof summary:

ιn,N ∈ PCoh(A≤n,A≤N),
∀N > n.

ιn,∞ ∈ RM≤n(|A|)×Mf(|A|)
+ as:

(ιn,∞)µ,ν = limN→∞ ιn,N

Definition

B = {ιn,∞(〈u1, . . . , un〉) | n ∈ N, ∀i, ui ∈ A}⊥⊥.

Proposition

B is the limit of the diagram above;

it commutes with the tensor product.

⇒We can apply
Melliès-Tabareau-Tasson
Theorem
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Definition of the ιn,N

Can we take :

(ιn,N)µ,ν
?
=

(ρ−1
n,N)µ,ν =

{
1 if µ = ν and #µ ≤ n
0 otherwise

6∈ PCoh(A≤n,A≤N)
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{
(N−k)!bN/nck n!

N!(n−k)! if µ = ν, #µ = k ≤ n,
0 otherwise.

∈ PCoh(A≤n,A≤N)

(ιn,N)µ,ν has a limit for N →∞.
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Melliès-Tabareau-Tasson
Theorem
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Definition of the ιn,N

Can we take :

(ιn,N)µ,ν
?
=

(ρ−1
n,N)µ,ν =

{
1 if µ = ν and #µ ≤ n
0 otherwise

6∈ PCoh(A≤n,A≤N)

(ιn,N)µ,ν =

{
(N−k)!bN/nck n!

N!(n−k)! if µ = ν, #µ = k ≤ n,
0 otherwise.

∈ PCoh(A≤n,A≤N)

(ιn,N)µ,ν has a limit for N →∞.



Applying the recipy to PCoh
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The end of the story

Theorem: The “free” exponential modality

|!fA| =Mf (|A|) , P (!fA) = {ιn,∞(〈u1, ..., un〉) | ui ∈ P (A) , n ∈ N}⊥⊥

with ιn,∞(〈u1, ..., un〉)[a1,...,ak ]
= 1

nk

∑
f :k↪→n

∏k
i=1(uf (i))ai .

The “analytic” exponential modality Danos&Ehrhard2011

|!aA| =Mf (|A|) , P (!aA) =
{

u! | u ∈ P (A)
}⊥⊥

, with u!
[a1,...,ak ]

=
k∏

i=1

uai .

Theorem
The “free” and “analytic” exponential modalities are the same, i.e. P (!fA) = P (!aA).

Proof.

P (!fA) ⊆ P (!aA), because ιn,∞(〈u1, ..., un〉) ≤ (
∑n

i=1
1
n ui)

!

P (!aA) ⊆ P (!fA), because u! = limn ιn,∞(〈u, . . . , u︸ ︷︷ ︸
n

〉)

Crubillé, Ehrhard, Pagani, Tasson PCoh: free ! GDRI Linear Logic 11 / 12



The end of the story

Theorem: The “free” exponential modality

|!fA| =Mf (|A|) , P (!fA) = {ιn,∞(〈u1, ..., un〉) | ui ∈ P (A) , n ∈ N}⊥⊥

with ιn,∞(〈u1, ..., un〉)[a1,...,ak ]
= 1

nk

∑
f :k↪→n

∏k
i=1(uf (i))ai .

The “analytic” exponential modality Danos&Ehrhard2011

|!aA| =Mf (|A|) , P (!aA) =
{

u! | u ∈ P (A)
}⊥⊥

, with u!
[a1,...,ak ]

=
k∏

i=1

uai .

Theorem
The “free” and “analytic” exponential modalities are the same, i.e. P (!fA) = P (!aA).

Proof.

P (!fA) ⊆ P (!aA), because ιn,∞(〈u1, ..., un〉) ≤ (
∑n

i=1
1
n ui)

!

P (!aA) ⊆ P (!fA), because u! = limn ιn,∞(〈u, . . . , u︸ ︷︷ ︸
n

〉)

Crubillé, Ehrhard, Pagani, Tasson PCoh: free ! GDRI Linear Logic 11 / 12



The end of the story

Theorem: The “free” exponential modality

|!fA| =Mf (|A|) , P (!fA) = {ιn,∞(〈u1, ..., un〉) | ui ∈ P (A) , n ∈ N}⊥⊥

with ιn,∞(〈u1, ..., un〉)[a1,...,ak ]
= 1

nk

∑
f :k↪→n

∏k
i=1(uf (i))ai .

The “analytic” exponential modality Danos&Ehrhard2011

|!aA| =Mf (|A|) , P (!aA) =
{

u! | u ∈ P (A)
}⊥⊥

, with u!
[a1,...,ak ]

=
k∏

i=1

uai .

Theorem
The “free” and “analytic” exponential modalities are the same, i.e. P (!fA) = P (!aA).

Proof.

P (!fA) ⊆ P (!aA), because ιn,∞(〈u1, ..., un〉) ≤ (
∑n

i=1
1
n ui)

!

P (!aA) ⊆ P (!fA), because u! = limn ιn,∞(〈u, . . . , u︸ ︷︷ ︸
n

〉)

Crubillé, Ehrhard, Pagani, Tasson PCoh: free ! GDRI Linear Logic 11 / 12



Conclusion

Contribution:
Giving a categorical justification of !a.

Allows a decomposition of the universal property of !a.

Use of Mellìes,Tabareau,Tasson recipy as a tool to show that an exponential is
free.

Further work: The definability problem
Definability: every element is upper bounded by a definable element.

Not true in PCoh: u ∈ P (!aBool ( 1) defined by:

uµ =

{
4 if µ = [t,f]

0 otherwise.

∀M term of probabilistic PCF of type Bool→ 1, JMK[t,f] ≤ 2 .
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